Inverse prediction is important in a variety of scientific and engineering applications, such as to predict properties/characteristics of an object by using multiple measurements obtained from it. Inverse prediction can be accomplished by inverting parameterized forward models that relate the measurements (responses) to the properties/characteristics of interest. Sometimes forward models are computational/science based; but often, forward models are empirically based response surface models, obtained by using the results of controlled experimentation. For empirical models, it is important that the experiments provide a sound basis to develop accurate forward models in terms of the properties/characteristics (factors). While nature dictates the causal relationships between factors and responses, experimenters can control the complexity, accuracy, and precision of forward models constructed via selection of factors, factor levels, and the set of trials that are performed. Recognition of the uncertainty in the estimated forward models leads to an errors-in-variables approach for inverse prediction. The forward models (estimated by experiments or science based) can also be used to analyze how well candidate responses complement one another for inverse prediction over the range of the factor space of interest. One may find that some responses are complementary, redundant, or noninformative. Simple analysis and examples illustrate how an informative and discriminating subset of responses could be selected among candidates in cases where the number of responses that can be acquired during inverse prediction is limited by difficulty, expense, and/or availability of material.
Introduction
I NVERSE PREDICTION is important in a wide variety of scientific and engineering contexts such as geophysical (Krasnopolsky and Schiller (2003) , Sun (1994) ), nuclear forensics (Moody et al. (2015) , Anderson-Cook et al. (2015a, b) , chemometrics (Martens and Naes (1987) , Haaland and Thomas (1988) ), and medical applications (Messinger-Rapport and Rudy (1986) ). The motivation and major application for the methods described in this paper is inverse prediction using experimentally based models (e.g., see Anderson-Cook et al. (2015a, b) and Nel- son et al. (1986) ). However, the approach presented here can also relate to a variety of scientific and engineering contexts that involve the use of science-based computational models (e.g., see Taflove and Hagness (2005) ).
The existence of one or more forward causal models is assumed (see Figure 1) . Each model operates on one or more factors (inputs) to yield one or more responses (outputs). The models could be experimentally based and/or science based. In the case of an experimentally based model, the model parameters (and often the form of the model) are estimated using outputs that are observed for a series of experimental trials in which the inputs are controlled. This process is sometimes referred to as calibration, model fitting, or simply "fitting". A sensible experimental strategy for the fitting process is one that allows for efficient estimation of forward model parameters such that the factor space of interest in the study is appropriately spanned (where inverse prediction is to be applied) and accurate forward models can be estimated. Note that, in the case of science-based computational models, some of the model parameters might be the same as the inputs. For example, Thomas et al. (2010) refer to a science-based computer model that requires the thickness of lead shielding (which is a model parameter) as an input. Inverse prediction has to do with the process of inferring the factors (or, in the case of a science-based model, inferring the model parameters) based on the responses. Inverse prediction is inherently more difficult than fitting. For example, there is no guarantee of a unique inverse solution (e.g., see Aster et al. (2013) ). The utility of an inverse prediction process depends on the nature of the forward models and whether the collective set of responses can yield accurate, precise, and unconfounded predictions of each of the factors of interest, so as to be sufficiently informative and discriminating.
To illustrate inverse prediction, consider a chemist who uses the measured absorbance (y) of a solution at a particular wavelength to infer the concentration (x) of a particular chemical species in that solution. The forward model in this case, relating absorbance to concentration, might be of the form y = a + b · x + ε, where x is the factor, "a" and "b" are the model parameters, and ε is a measurement error. By using estimates of the model parameters (â andb), the fitted forward model is inverted to predict x given a new y viax new = (y new −â)/b.
(1) Krutchkoff (1967) refers to this as classical calibration. Inverse calibration relates to the case where x is modeled as a function of y, i.e., x =ĉ +d · y. This fitted inverse model is used directly to predict x given a new y viax
Other situations involve multiple forward models relating multiple measurements (a multivariate response) to multiple factors. Not surprisingly, there are additional complexities, options, and advantages when predicting material properties from measurements when the response space and/or factor space are multidimensional (e.g., see Martens and Naes (1987) ). In some cases, when the response is highly dimensional (e.g., near-infrared spectroscopy), regularization methods (e.g., based on dimension reduction and inverse calibration) such as partial least squares (PLS) and principal component regression (PCR) are used to construct separate direct predictive models for each characteristic of interest (e.g., see Haaland and Thomas (1988) ). Such methods are needed in these cases due to the high degree of collinearity among the response variables. In these cases, there is often only incomplete knowledge of the causal factors; hence, there is no ability to construct accurate forward models. Note that we are not focusing on such situations here. Rather, we focus on cases involving a moderate number of response variables (perhaps 5 to 20) and a small number of factors (perhaps 2 to 5). Further, each response is associated with a separate forward model. In such cases, inverse prediction is based on the collective multivariate response in combination with the set of associated forward models. For example, Anderson-Cook et al. (2015b) The remainder of this paper explores, via analysis and two main examples, inverse prediction and means to assess the capability of a multivariate response with regard to being informative and discriminating in the context described. Section 2 provides notation, a general framework, and methodology for performing inverse prediction based on a multivariate response and an associated set of forward models. The methodology involves multifactor optimization with a least-squares objective function that incorporates multiple sources of prediction uncertainty, including the estimated parameters of the forward models. In order to streamline this exposition and make the associated guidance practical, various simplifications of the objective function are suggested when one or more of the sources of variation are considered to be relatively unimportant. Section 3 describes example 1, in which the composition of glass is predicted based on a set of six physical measurements and an associated set of simple first-order linear forward models involving three factors. The utility of selected subsets of the response variables is examined by analyzing the associated covariance of the inverse prediction errors. This analysis shows the benefit of including certain responses (e.g., density) for predicting certain compositional constituents (e.g., barium oxide). Specific criteria for a multivariate response being "informative and discriminating" based on the estimated covariance matrix of the inverse prediction errors are proposed. Section 4 considers a more general context for assessing the predictive capability of subsets of response variables where the forward models are assumed to be continuous parametric functions of the factors.
Further, the forward models are assumed not to be highly nonlinear so that the local first-order linear approximations used throughout the paper are accurate. Analysis of the first-order partial derivatives of the fitted forward models with respect to the factors is used to refine the criteria for being "informative and discriminating". This more general context is illustrated with example 2, a synthetic example involving a set of 16 responses represented by quadratic surfaces defined by two factors. The example shows how the ability of inverse prediction to be informative and/or discriminating can vary widely depending on the subset of responses used as well as the location in the factor space where inverse prediction is performed. Thus, the proposed criteria provide a basis for down selecting a subset of responses with predictive ability from among candidate subsets. Concluding remarks are given in Section 5.
Inverse Prediction
Recall that, in our context, inverse prediction depends on a set of forward models that are based on well-understood science and/or one or more controlled experiments. One main purpose of a controlled experiment is to provide a basis for understanding the relationships between the response variables and the causal factors. Here it is assumed that, for each of q response variables, a forward model can be fit that adequately relates the response variable to the set of p causal factors. Model estimation uncertainty can have adverse effects on both inverse prediction and the down-selection process, depending on its magnitude. The proposed approach also assumes that q ≥ p so that inverse prediction can produce a unique solution. Otherwise, auxiliary information distinct from the available measurements (e.g., from experts) would be needed to obtain a unique solution. The use of additional response variables beyond the required minimum (i.e., q > p) can improve the precision of the inverse prediction solution. Collectively, the forward models also need to be sufficiently dissimilar in character (e.g., models cannot just be simple translations of one another) so that a unique solution can be obtained. The success of the inverse prediction process depends on how well the individual responses complement each other. The ability to measure the complementary nature of a candidate set of responses can be adversely affected by relatively large model estimation uncertainty. It is also assumed that the forward models are continuous and not highly nonlinear so that the local first-order linear approximations, which are used in the down-selection process, are useful. Otherwise, conclusions developed from using the down-selection process could be distorted or inappropriate.
The model form and vector of estimated model parameters associated with the ith response variable are denoted by f i andβ i , respectively. Given that the models provide an adequate fit, f i (β i ; x) ≈ y i for each of the i = 1 : q response variables and for each trial of the controlled experiment. Here, x is a vector representing the levels of the factors (assumed throughout to have been set with negligible error) and y i represents the observed value of the ith response variable for a single experimental trial. The forward models derived from controlled experiments are often (but not necessarily) expressed in terms of a low-order polynomial, which can be thought of as a Taylor-series approximation to the true underlying relationship. As an aside, note that forward models are sometimes science-based and can also be represented by f i (β i ; x). In these cases, models can be quite complex (e.g., see Mitchell et al. (2014) ) and take a wide variety of forms. Even more broadly, the set of models could include a mix of experimentally based and science-based models.
The multivariate response obtained by measuring a new object is used to predict the levels of the causal factors (unknown, but represented by x * ) associated with the new object. Let
denote the observed response associated with a new object ( * ), where
is the true (expected) value of the ith response variable and ε * i is the random measurement error of the ith response variable. The covariance of the collective set of measurement errors is denoted by V ε = Cov{ε * i , i = 1 : q}. Note that measurement errors exhibiting constant bias, independent of the true value, can be absorbed into fitted constants and so do not impact the ability to infer x * . Measurement errors exhibiting constant relative bias are also possible, but are beyond our scope here, unless simple data transformations are adequate. Next, let
denote the predicted response derived from underlying models developed during the calibration process. These models are given in terms of estimated model parameters (β i ) and a candidate solution (x). In the case of the ith response, the difference between the predicted and observed response is
where f i (β i ;x) is the predicted response using the estimated forward model evaluated atx. This difference can be re-expressed in terms of fundamental effects as
Let
represent effects due to imprecise estimation in the forward model parameters and uncertainty in the candidate solution (x), respectively. This form of re-expression is useful to provide understanding of the various components of V = Cov(d), where d = {d i , i = 1, 2, . . . , q}. As will be seen in Sections 3 and 4, knowledge of the components of V is necessary for estimating the covariance ofx. The covariance ofx can be estimated for different subsets of responses and hence provide a basis for down selecting an informative and discriminating subset of responses from among candidate subsets.
Assuming that the model form is properly specified and that the candidate solution is unbiased, the expected value of d i is zero. Furthermore, based on Equation (6),
where
q}, and Cov λω (x) represents the covariance between {λ i } and {ω i }.
The measurement error covariance, V ε , can be estimated as (V ε ) by using knowledge of the measurement processes (e.g., obtained from a measurement capability study) or indirectly by the empirical covariance of the residuals from model fitting. The latter strategy is possible if the data acquired from a common set of experimental trials are used for fitting the forward models for each of the potential responses. Further, if the number of responses (q) is relatively large compared with the number of observations used for fitting, it may be advisable to use a shrinkage estimator of the covariance matrix (e.g., see Daniels and Kass (2001) ).
Estimates of the diagonal elements of V λ , denoted by {Var(λ i ), i = 1 : q}, can be obtained as follows. In the case of the ith response variable, the errors in the estimated model parameters ( We suggest that the off-diagonal elements ofV λ be assumed to be zero unless the measurement errors across the responses are highly correlated.
The values in V ω can be approximated as follows. First, assume that each of the q forward models, {f i (β i ; x), i = 1 : q}, is continuous in terms of the factors, and let J be the Jacobian matrix where the ijth element of J is
A first-order approximation to f i (β i ;x) in the vicinity of x * is given by
Furthermore,
The goal of inverse prediction is to find an "optimal" solution such that predicted values of the responses are close to those observed, namely thatŷ * i ≈ y * i ∀ i. In general, an iterative approach involving nonlinear optimization can be used to find a good estimate for x * , here denoted byx * . Software modules for performing this optimization include nlminb (R) and fminsearch (MATLAB). Our iterative approach requires the set of forward model parameter estimates {β i , i = 1 : q}, an estimate of V based on its components, and an initial guess for the solution (x init ). Here, to simplify, we focus on two of the components, V ε and V λ (x init ). We believe that, when inverse prediction is suitably overdetermined (q is sufficiently larger than p), V ω (x) and Cov λω (x) will contribute negligibly to V. That is, the uncertainty inx can be quite small in such cases and vanish as q → ∞ (see e.g., Thomas (1991) ). Therefore, we simplify Equation (7) by lettinĝ
Conditioned on the initial guess (x init ), we search for a p-dimensionalx update , such that Q = d TV−1 d is minimized. As described,V should be invertible. If another method is used to estimate V, it would be prudent to confirm that it is invertible. Shrinkage methods (e.g., see Daniels and Kass (2001) ) could be used to modifyV if it is found not to be invertible or to have an unstable inverse due to being poorly conditioned. The minimization of Q results in an updated predicted response, y * update = {f i (β i ;x update ), i = 1 : q} and an updated estimated covariance,
The iterative process continues to update bothx and V in this way until the updated version ofx becomes indistinct from the previous version ofx. This process is illustrated with example 1 in Section 3. Depending on the nature of the forward models, the efficiency of the calibration experiment, and the specific unknown levels of the causal factors x * ,V λ may or may not contribute a significant amount toV. If x * is well within the design space used to construct the forward models, thenV λ will likely not contribute a significant amount toV. In that case, the iterative process may converge immediately. Conversely, if x * is outside of the design space,V λ could be a significant contributor due to model extrapolation. Additionally, note that other minimization criteria (e.g., emphasizing robustness) could be used.
It is important to restate that the iterative approach presented here considers the uncertainty in the predicted response (induced by uncertainty in the forward model parameters). In the inverse prediction context, one might view the forward model parameters as "regressors" and the components of x * as parameters to be estimated. The errors in the estimated model parameters are analogous to measurement errors in the regressors. Hence, the approach presented here is connected to models and methods discussed in the errors-in-variables and total least-squares literature (e.g., see Fuller (1987) , Van Huffel and Vanderwalle (1991) , and Thomas (1991) ). Alternatively, a Bayesian approach that also recognizes the uncertainty in the forward model parameters in the context of inverse prediction is presented by AndersonCook et al. (2015a) .
Finally, note that the approach presented here for inverse prediction (with some slight modifications) could relate to inverse problems involving sciencebased forward models. For example, Thomas et al. (2010) describe an example of inverse prediction where the goal is to infer two parameters of a physicsbased radiation transport model from an observed high-dimensional gamma spectrum. The two model parameters are the radius of a plutonium sphere and the thickness of lead shielding surrounding it. In many cases of science-based forward models, the partial derivatives (describing the sensitivity of model outputs to changes in the model parameters) cannot be expressed analytically. In such cases, these partial derivatives can be approximated numerically. The estimated variance ofŷ * due to uncertainty in the model parameters is then based on this numerical approximation.
Example 1: Prediction of Glass Composition from Physical Properties
A study was performed at Sandia National Laboratories to investigate how glass properties varied as a function of composition (Nelson et al. (1986) ). A secondary purpose of the study was to assess the ability to detect batching errors (resulting in off-target composition of the finished glass) based on the physical properties. The basis of this study was a controlled experiment in which various target glass compositions were batched. The glass composition can be described in terms of a mixture of four components: P 2 O 5 , Na 2 O, BaO, and Al 2 O 3 . Measurements of six physical properties were acquired from the materials that were produced during the controlled experiment. These properties included thermal expansion coefficient (α), softening temperature (T s ), glass transition temperature (T g ), crystallization temperature (T x ), density (ρ), and index of refraction (n). The experiment was designed such that responses would be obtained in a balanced configuration of the factor space illustrated in Figure 2 . The experimental space was defined in terms of mole ratios in order to accommodate the constraint that the proportions of all mixture components must sum to one. The quantity of P 2 O 5 is used in the denominator in the set of mole ratios because it is the dominant component in the nominal glass composition and because its targeted relative variation was relatively small. Table 1 summarizes the measured glass properties associated with each composition. Note that the actual compositions of the glass materials (although precisely measured by wet chemical methods) differ somewhat from the original target compositions (particularly in the case of sample 2-1).
Based on the experimental data, simple forward models (relating glass properties to composition) were constructed via least-squares regression. These models are of the form,
, and x 3 = Al 2 O 3 /P 2 O 5 . Measurements from sample 2-1 were not used to construct the models. A few other measurements (T s from sample 1-1, n from sample 1-2, and T s /T g from sample 1-8) were also deemed to be anomalous and were not used when constructing the forward models. Table 1 for Measurement Units).
the mean-squared-residual obtained from the regression analysis) and R 2 . Here, disregarding model misspecification,σ ε is also used as an estimate of the standard deviation of the measurement error for each property. Figure 3 illustrates the fitted surfaces. It is interesting to examine the magnitude ofσ ε relative to the ranges of the fitted responses over the factor space of interest. Smaller measurement errors relative to the ranges of the responses over the factor space of interest enable more precise inverse predictions.
Next, we follow the approach for inverse prediction outlined in Section 2. It is assumed that the measurement errors are independent so that an estimate of the measurement error covariance isV ε = diag(σ Given the simple nature of the forward models in this case, Without an initial guess at the solution (x init ), the iterative process (as described in Section 2) is initiated withV λ = 0. Recall from Section 2 that the main goal is to search forx * , and we do so by seekingx
For this particular example, a sensible estimate/prediction for x * is obtained as follows. First, let z i = y * i −β i0 , for i = 1, 2, . . . , 6, and b ij =β ij , for i = 1, 2, . . . , 6, and j = 1, 2, 3. Let the z i form a column vector (z) with six elements and theb ij form a matrix (B) with six rows and three columns. Using the iterative procedure described in Section 2, it follows from weighted least-squares re- 
Thus, inverse prediction here is equivalent to regression of the q = 6 adjusted property measurements on the estimated forward model parameters, where errors in the estimated forward model parameters are accounted for byV λ (as a component ofV). Hence, this is analogous to a linear errors-in-variables problem. Note that the column dimension ofB refers to the dimension of x * (which is p = 3) and not to the number of terms in the forward models (which can vary from model to model). Also note that, in this case, q ≥ p, which is necessary, but not sufficient, for all p elements ofx * to be properly determined (not only in this case, but in general). Ultimately, the utility of the q-dimensional multivariate response for inverse prediction also depends on how well the individual responses complement one another. Figure  4 illustrates the results of applying this method for predicting the composition of the samples listed in Table 1 (excluding samples with anomalous measurements; 1-1, 1-8, and 2-1) based on the measured properties. Predictions converged within two iterations. Only minor changes in predictions were observed between iterations (suggesting thatV λ is negligible). In fact, depending on the location of the particular observation within the design space used to develop the forward models, elements ofV λ were typically about 30% the magnitude of the corresponding elements of V ε . Figure 4 , it is clear that the utility of the collective set of glass properties for predicting the various constituents of composition varies across the constituents. The correlation between the predicted and measured values for each of the moleratio constituents is 0.81 for Na 2 O/P 2 O 5 , 0.97 for BaO/P 2 O 5 , and 0.89 for Al 2 O 3 /P 2 O 5 . In contrast with the apparent mediocre ability to predict the Na 2 O/P 2 O 5 mole ratio, the collective set of properties seems to provide a good basis for predicting both the Al 2 O 3 /P 2 O 5 and BaO/P 2 O 5 mole ratios. We point out that the strongest forward models (measured by R 2 ) relate to density and index of refraction. Density is certainly most responsible for the relatively precise predictions of BaO/P 2 O 5 by virtue of barium's unusually large density relative to the other constituents. Note in Table 2 that the forward model for density does not involve Na 2 O/P 2 O 5 . This is not surprising because the densities of Na 2 O and P 2 O 5 are quite similar (i.e., substitution of Na 2 O by P 2 O 5 or vice versa will have little effect on the overall glass density). Also, note that the forward model for the "index of refraction" depends only weakly on Na 2 O/P 2 O 5 . Thus, this is consistent with the intuitive notion that one must have a sufficient collection of strong forward models to obtain effective inverse prediction. Figure 5 displays the relationship between the prediction errors (x * j − x * j ) associated with the three compositional constituents. There is a moderate level of negative correlation between the errors associated with predicting BaO and each of the other two constituents. There is very high positive correlation between the errors associated with predicting Na 2 O and Al 2 O 3 . This behavior can be easily deduced through some simple analysis. Given thatV λ was found to be negligible, we further simplify Equation (17) 3.50x10
By considering
This analysis suggests the root mean-squared prediction errors associated with Na 2 O/P 2 O 5 and Al 2 O 3 / P 2 O 5 are still approximately 0.08 and 0.018, respectively. Thus, the effects of not using density to help predict these two constituents are inconsequential. However, by not using density, this analysis suggests that the root mean-squared prediction error for predicting BaO/P 2 O 5 increases from 0.013 to about 0.020. Thus, density is very important for predicting BaO/P 2 O 5 . The suggested correlation structure remains similar. Clearly, the multivariate response is less informative for predicting BaO/P 2 O 5 when excluding density.
Similar analyses could be performed to evaluate the potential predictive utility of any subset of the six response variables. In a different context, such an analysis might be useful for selecting the most valuable measurements to acquire during the prediction phase of a study when the number of measurements possible is limited by difficulty, expense, Vol. 49, No. 3, July 2017 www.asq.org and/or availability of material (perhaps due to the destructive nature of testing). In addition, one could use simulation and/or simple trial and error to examine the predictive capability of each candidate subset of the six responses, but our analysis and criteria provide insight into the relative merits of each candidate subset.
Inverse Prediction with More Complex Forward Models
The forward models used in the previous section each had a very simple form. For that reason, the required analysis was also simple. Sensible inverse predictions were obtained by using weighted leastsquares regression. Here, a more general context is considered in which the forward models are assumed to be continuous parametric functions of the factors and are not highly nonlinear. We seek to provide additional insight and criteria regarding predictive utility in this more general context. This can then be used to develop a strategy for down selecting an informative and discriminating subset of responses. A synthetic example involving a candidate set of 16 response surfaces is used to illustrate the strategy.
In order to explore the characteristics of an informative and discriminating multivariate response, it is useful to make the following simplifying assumptions. First, assume that there is a unique solution, meaning that there is a uniquex * for a given y * . Following the assumptions and notation in Section 2, we assume that each of the q forward models, {f i (β i ; x), i = 1 : q}, is continuous in terms of the factors. While a complex model may be required to represent a given response over the whole region of inter-est, a local first-order approximation can accurately reflect the response's behavior within a small region. Thus, to further simplify and facilitate our analysis, we consider local first-order approximations to {f i (β i ; x), i = 1 : q} in the vicinity of x * given by
are the elements that form the q by p Jacobian matrix,Ĵ(x * ). Note that the level of collinearity inĴ(x * ) provides a good indicator of the discriminating ability of the multivariate response at x * . For example, a high level of collinearity is indicative of poor discrimination (and possible redundancy) because, in such cases, the effects of the factors on the various responses are not sufficiently dissimilar.
Recall from Section 2 that we proposed that an iterative approach involving nonlinear optimization can be used to obtain an estimate of x * , given bŷ x * . To estimate the covariance ofx * obtained in this manner, we rely on the assumption that the local first-order approximations to {f i (β i ; x), i = 1 : q} are sufficiently accurate. We further assume that the measurement errors are negligible relative to the magnitude of the elements of the Jacobian. Given these assumptions, it follows that a reasonable estimate of the covariance matrix ofx * is given bŷ
whereV =V λ (x * ) +V ε . However, if one or more of the forward models is highly nonlinear in the region of x * , the viability ofĈx * could be adversely affected. Thus, it is important for users of this methodology to establish that is not the case. It is important to note that Equation (19) is a simple generalization of Equation (17). The elements ofB (in Equation 17) are equivalent to the elements of the estimated Jacobian of a set of forward models that consist exclusively of simple main effects. However, note that, in the case of more complex models, the elements of the Jacobian can depend on x * . Thus, even if we assume thatV λ (x * ) is largely unimportant, for this more general case, the previously mentioned criteria for being informative and discriminating needs to be amended so as to be conditional on the location of x * .
Example 2: Synthetic Example
To make this discussion less abstract, we consider a synthetic example with a candidate set of 16 response surfaces (q = 16) that each depend on two factors (p = 2) over the input space
The response surfaces are chosen to be of quadratic order (or less). Each can be characterized by the general model form
We show how the capability of inverse prediction depends not only on the particular subset of responses used but also on where x * is positioned in the factor space. Table 3 provides the specific coefficients for each response surface. Figure 6 displays the surfaces. In industrial and other applications, quadratic response surface models are sufficient in complexity to represent a wide variety of responses (Box and Draper (1987) , Myers et al. (2009) ). We believe that such surfaces are representative of forward models used as a basis for inverse prediction in applications such as nuclear forensics. The set of surfaces considered here consists of four general types. Surfaces 1-4 involve a "peak". Surfaces 5-8 represent "hillsides". Surfaces 9-12 each represent a "rising ridge". Surfaces 13-16 each represent a "saddle". The vari- ations of each surface type are essentially rotations of one another. In the context of these and other more complex forward models, the general iterative approach for inverse prediction involving nonlinear optimization described in Section 2 can be used to estimate the p dimensions of x * . In general, this approach does not reduce to weighted linear regression, as was the case of the example in Section 3 with simple first-order linear forward models.
In the cases involving the quadratic forward models in two factors (x 1 and x 2 ),
In these cases, with p = 2, a local first-order approx- To simplify the illustrative example for purposes of clarity, we assume that V λ = 0 andV ε = V ε = σ 2 · I. Furthermore, without loss of generality, we also assume that σ 2 = 1. With these assumptions, Equation (19) simplifies toĈx * = (Ĵ T (x * )Ĵ(x * )) −1 . Here, we useĈx * evaluated at x * and the true forward parameter values as the basis for assessing the performance of inverse prediction. In practice, as in the case of example 1 in Section 3, one would use estimates of both x * and the forward parameter values to assess performance. This performance assessment would be adversely affected by poor estimates of x * and/or the forward parameter estimated values. Note that, by including (or excluding) certain rows ofĴ, it is straightforward to evaluate and understand the performance of inverse prediction when using any subset (S) of the available response variables. Note that this evaluation could also be performed by brute force simulation using a candidate subset. A general understanding regarding the characteristics of an informative and discriminating multivariate response can be obtained by comparing inverse prediction performance when using various subsets of the responses represented in Table 3 . The aspects of performance that will be considered are
and ρ 12 =Ĉx * (1, 2) Ĉx * (1, 1) ·Ĉx * (2, 2) , whereĈx * (i, j) is the ijth element ofĈx * . The measures reflect the root mean-squared error of predicting the elements of x * and the correlation between prediction errors. Due to the fact thatĴ depends on x * , it is important to consider these quantities over the input space of interest
Figure 7 displays σ 1 , σ 2 , and ρ 12 across the space of interest for several cases. In the first case, all q = 16 responses are used to predict x * (i.e., S = {1, 2, . . . , 16}). The other cases pertain to subsets, S = {3, 7, 9, 13} and S = {9, 10, 11, 12}. When all 16 responses are used, the prediction errors (for both x * 1 and x * 2 ) are expected to be largest in the center of the space of interest. This can be anticipated by noting that some of the surfaces (1, 2, 3, 4, 13, 14, 15, and 16) have relatively "flat spots" with little sensitivity to x 1 and x 2 near the center of the space of interest. The correlation of the prediction errors is relatively modest (typically between −0.4 and 0.4) over the space of interest. From Figure 7 , it is clear that S = {3, 7, 9, 13} is a particularly bad choice for making an inference about x * 1 when x * is in the vicinity of {x 1 , x 2 } = {−0.2, 0.4}. This is a consequence of the fact that |J i1 (x)| is relatively small in the vicinity of {x 1 , x 2 } = {−0.2, 0.4} for each of the four responses in S = {3, 7, 9, 13}. In contrast, |J i2 (x)| is relatively large (in general) across the space of interest for each of the four responses in S = {3, 7, 9, 13}. This leads to relatively good predictions of x * 2 across the space of interest. The correlation of the prediction errors varies considerably over the space of interest and is most extreme when {x 1 , x 2 } ≈ {−1.0, 1.0}. It is clear that S = {9, 10, 11, 12} is a good choice for making an inference about both x * 1 and x * 2 across the space of interest. This is largely a consequence of the wide range of the values of these four response variables across the space of interest. In addition, the response variables in S = {9, 10, 11, 12} complement each other well with steep contours in each of the two dimensions throughout the space of interest for one or more of the responses. In a relative sense, prediction performance is worst around the center of the space of interest where the contours are less steep. The correlation of the prediction errors is most extreme when {x 1 , x 2 } is near the corners of the space of interest.
Next, consider the case where S = {7, 8}. In the absence of model and measurement errors, y 8 is a perfect predictor of x * 1 and y 7 is a perfect predictor of x * 2 . Thus, by itself, the combination of y 7 and y 8 should be useful for predicting x * . In this case, σ 1 = σ 2 = 0.0286 and ρ 12 = 0 are constant over the space of interest. By comparing the results from S = {1, 2, . . . , 16} and S = {7, 8}, it is clear that the additional 14 responses from S = {1, 2, . . . , 16} improve precision, particularly near the perimeter of the space of interest. This is due to the fact that |J ij (x)| tends to be larger around the perimeter (when compared with the center of the space of interest) for some of these 14 additional responses.
A good subset of responses for inverse prediction could be based on an I-optimality-like criterion (e.g., see Anderson-Cook et al. (2009)) . That is, one might seek to find a subset of responses of a given size that minimizes the average inverse prediction variance over the space of interest. This approach could be applied separately to each of the p dimensions to be predicted. Or, given an appropriate utility function, one could apply this approach to some weighted combination of the inverse prediction variance of the p dimensions while taking into account the correlation in the prediction errors across the various dimensions. For this example, we consider the average inverse prediction variance separately for x * 1 and x * 2 . Table 4 shows clearly that S = {9, 10, 11, 12} is an efficient subset of responses to use for inverse prediction. The summary measure of prediction ability presented in Table 4 is useful for quickly comparing the relative capability of various subsets of responses. In cases with a large number of candidate responses, this summary measure could be used as the basis ("fitness function") for selecting responses using a structured search approach like genetic algorithms (e.g., see Goldberg (1989) and Thomas (1993) ). However, it is important to recognize that prediction ability can vary widely across the space of interest (e.g., see Figure 7 ). It is also important to consider the correlation of prediction errors across the various dimensions. In practice, one might also want to consider model error in the analysis (i.e., not assume V λ = 0) and the possibility of using replicate measurements. Finally, the selection of an informative subset of response variables should naturally involve subject-matter knowledge and economics (cost to obtain the responses).
Conclusion
This paper considers inverse prediction based on a multivariate response with an associated set of forward models. In order for the multivariate response to be useful for inverse prediction across all input factor dimensions, one condition is that the estimated forward models need to be accurate and precise across the space of interest. A sensible experimental strategy for ensuring this during calibration requires that the factor space be appropriately spanned with sufficient replication and number of levels per factor. Furthermore, a second condition is that the dimension of the multivariate response must equal or surpass the number of factors to be predicted. Finally, for the multivariate response to be useful for inverse prediction, it is also necessary that the collection of forward models must be informative and discriminating with respect to the individual factor dimensions over the space of interest. The causal relationships between factors and responses are dictated by nature and cannot be controlled by the experimenter. However, once the forward models have been developed, the experimenter can evaluate both the collective value of a set of responses as well as the incremental benefit of each additional response (individually) with regard to achieving useful inverse predictions associated with new observations. This paper provides guidance to the practitioner for assessing the capability of a particular set of responses (and associated forward models) for providing adequate information and discrimination during inverse prediction. The method is based on the computation of the Jacobian matrix, consisting of all first-order partial derivatives of the estimated forward models with respect to each of the causal factors. The level of collinearity within the Jacobian provides a good indicator of the discriminating ability of the multivariate response. In general, the Jacobian varies depending on the location of the particular point in the space of interest that is being considered. Based on the Jacobian and estimates of the measurement error covariance and modelling error covariance, one can assess the level of uncertainty associated with inverse prediction at a particular point in the factor space. In cases where the number of response variables that can be acquired is limited by difficulty, expense, and/or availability of material, the assessed inverse prediction variance together with subject-matter knowledge can be used to help select a set of response variables from among various candidates. Thus, the methods described here can be helpful for implementing inverse prediction in cases where one needs to down select from a candidate pool of responses.
Finally, note that the discussion presented in this paper relates directly to a wide variety of inverse prediction problems, including those using science-based forward models. In such cases, one might use multivariate observational data to infer values of the parameters associated with science-based forward models.
